
Joint Uncertainty Propagation in Linear Structural Dynamics
Using Stochastic Reduced Basis Methods

F. Dohnal,∗ B. R. Mace,† and N. S. Ferguson‡

University of Southampton, Highfield, Southampton SO17 1BJ, United Kingdom

DOI: 10.2514/1.38974

Uncertainties in the properties of joints produce uncertainties in the dynamic response of built-up structures. Line

joints, such as glued or continuously welded joints, have spatially distributed uncertainty and can be modeled by a

discretized random field. Techniques such asMonte Carlo simulation can be applied to estimate the output statistics,

but computational cost can be prohibitive. This paper addresses how uncertainties in joints might be included

straightforwardly in a finite elementmodel, with particular reference to approaches based on fixed-interface (Craig–

Bampton) component mode synthesis and a stochastic reduced basis method with two variants. These methods are

used to determine the output statistics of a structure. Unlike perturbation-based methods, good accuracy can be

achieved even when the coefficients of variation of the input random variables are not small. Undamped as well as

proportionally damped components are considered. Efficient implementations are proposed based on an exact

matrix identity that leads to a significantly lower computational cost if the number of joint degrees of freedom is

sufficiently small compared with the structure’s overall number of degrees of freedom. A numerical example is

presented. The proposed formulation is an efficient and effective implementation of a stochastic reduced basis

projection scheme. It is seen that the method can be up to orders of magnitude faster than direct Monte Carlo

simulation, while providing results of comparable accuracy. Furthermore, the proposed implementation is more

efficient when fewer joints are affected by uncertainty.

I. Introduction

W HEN constructing numerical models of real-life engineering
systems, it is often assumed that the system under

consideration is deterministic. In practice, however, some degree
of uncertainty in the system properties and operating environment is
inevitable (e.g., boundary conditions, material properties, etc.). In
such situations, an individual deterministic realization of the system
properties and the environmental conditions might be undesirable,
because this could lead to misleading response predictions. A
commonly used approach in engineering design is to introduce safety
factors to indirectly account for parameter uncertainty.However, this
approach typically leads to highly conservative designs and may not
be appropriate for new lightweight materials and novel design
concepts.

With continuous growth in computing power and recent develop-
ment of sophisticated numerical techniques, reliable numerical
simulations of systems with uncertainty can be obtained by quanti-
fying input uncertainties to the model equations and propagating
them to the system response numerically. In contrast to deterministic
analysis, which only provides response predictions at a single point
in the ensemble corresponding to the nominal values of the system
parameters, this approach provides a range of response values, which
can be valuable in the design process.

Simulation techniques commonly used, such as direct
Monte Carlo simulation (MCS), can be applied to approximate the
output statistics to an arbitrary degree of accuracy, provided that a
sufficient number of samples is used. Unfortunately, the computa-
tional cost of direct simulation techniques can be prohibitive for

large-scale models. There are three main approaches to reduce the
computational cost of large models: 1) advanced Monte Carlo
methods [1–6] (e.g., importance sampling, line sampling, etc.),
2) perturbation-based methods [7–9], and (3) stochastic finite
element methods [10–13]. The latter techniques offer computation-
ally efficient alternatives to MCS and have been widely applied to
approximate the first two statistical moments of the system response.
Unlike perturbation-based methods, stochastic finite element
methods, for example, the stochastic reduced basis method (SRBM)
[14], can achieve good accuracy even when the coefficients of
variation of the random variables are large.

There are typically uncertainties in the properties of joints in
mechanical structures (e.g., bolts, rivets, spot welds, glue, etc.),
which subsequently produce uncertainties in the dynamic response
of built-up structures. The influence of uncertainty in joints on the
resulting response of the whole structure is often analyzed by MCS
based on finite element (FE) analysis of meshed structures. In
general, the computational cost is quite high. Therefore, component
mode synthesis (CMS) may be performed in order to reduce the size
of the model, which has benefits for repeated calculations. This
method is based on eigendecomposition of the stiffness and mass
matrices leading to a reduced size of themodel. The approach offers a
straightforward, intuitive way of describing uncertainty in structures
built up from substructures, because the properties of the individual
substructures and joints can be included in a clear manner.

This paper addresses how uncertainties in jointsmight be included
straightforwardly in a finite element model of a structure, with
particular reference to approaches based on fixed-interface (Craig–
Bampton) CMS, see [15,16]. The spatially distributed uncertainty in
the joints is modeled by a discretized random field [17–19]. As
proposed here, the efficiency of the SRBM [14] can be enhanced
further in two steps by combination with CMS and matrix algebra.
The former approach truncates the number of degrees of freedom for
each component separately, whereas the latter reduces the global
stochastic algebraic equation to a much smaller size, the size being
the number of joint degrees of freedom, instead of retaining all of the
system degrees of freedom.

In general, the presence of damping in the system gives rise to
complex modes. For proportional or Rayleigh damping (i.e.,
damping proportional to mass and/or stiffness matrices) the
undampedmodes are alsomodes of the damped system, anddamping
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can be included straightforwardly by ascribing a loss factor � to each
mode. In practice, the effects of nonproportional damping are often
small, and, as in this paper, damping is assumed to be proportional.

In the next section, CMS of undamped system components is
briefly reviewed with a focus on the fixed-interface approach.
Subsequently, the modelling of joints with spatial correlation in
terms of a random field is described. The calculation of system
response statistics by directMCSwith CMS and SRBMwith CMS is
presented. Finally, the proposed methods are benchmarked on a
numerical example to illustrate the efficiency and accuracy of the
proposed procedures. This paper represents a summary and
extension of the works presented in [20,21].

II. Component Mode Synthesis

CMS is a technique that can reduce the size of the systemmatrices
of built-up structures, in order to reduce the computational cost of the
dynamic response calculation. The systems under considerations are
assumed to be built up from a number of connected subsystems. In
this paper, the subsystems are modeled with respect to their local
modes. At this component level the undamped substructure is
represented by an FE model that can be written in the form

M �s� �x�s� �K�s�x�s� � f�s� (1)

whereM�s� andK�s� are the ns � ns mass and stiffness matrices, x�s�

and f�s� are the ns � 1 vectors of physical displacement coordinates
and external forces acting on the substructure/component s, and ns is
their total number of degrees of freedom. The superscript (s) will be
omitted for the rest of this section.

The displacement coordinates x are partitioned into nsi interior (i)
and nsb boundary (b) coordinates, where n� nsi � nsb. Equation (1)
yields

Mii Mib

Mbi Mbb

� �
�xi
�xb

� �
� Kii Kib

Kbi Kbb

� �
xi
xb

� �
� fi

fb

� �
(2)

Because for a purely mechanical structure the system matrices are
symmetric, the relations Mib �MT

bi and Kib �KT
bi hold, where T

denotes the transpose. Different CMS methods exist for reducing
the size of the system matrices, for example [15,16,22]. Here, the
Craig–Bampton method [16], outlined in the subsequent section, is
followed, although other methods are applicable within this
framework.

A. Craig–Bampton Procedure

This method uses the normal modes of the components with the
boundary coordinates fixed in combination with static constraint
modes. The fixed-interface normal modes of a single component are
the natural modes of the component with all boundary coordinates
fixed, given by the right-eigenvalue problem

K ii�l � !2
lMii�l (3)

Here, the ni eigenfrequencies !l are those of the of the fixed
component and the corresponding eigenvectors �l are mass
normalized so that

� T
kMii�l � �kl; �TkKii�l � !2

l �kl; k; l� 1; 2; . . . ; ni

(4)

where �kl is the Kronecker delta. Themodal matrix with respect to all
componentmodal coordinatesq� �qTi ;qTb �T is composed from these
nsi Ritz vectors as

� � �1 �2 � � � �ni
0 0 � � � 0

� �
� �i

0

� �
(5)

This set of modes is complemented by a set of nsb static constraint
modes. Together they form a linearly independent set. The static
constraint modes chosen are the static displacements of a component
due to unit displacement of a single boundary coordinate while

keeping all other boundary coordinates fixed. The matrix of
constraint modes is defined by

� � 	K	1ii Kib

Ibb

� �
� �i

Ibb

� �
(6)

where the upper part corresponds to a Guyan reduction [23]. The
matrices in Eqs. (5) and (6) define a transformation of the physical
coordinates x to component modal coordinates q defined by

xi
xb

� �
�B

qi
qb

� �
; B� � �

� �
(7)

where the coefficient matrix B is of size �nsi � nsb� � �nsi � nsb�. A
reduction in the size of the component matrices is achieved by
retaining only some of the fixed-interface normal modes, that is,
those with the lowest eigenfrequencies. If only the first nsk modes are
kept (with nsk 
 nsi ) the coordinate vector qi is replaced by qk, and
the transformation in Eq. (7) is approximated by

B k � �k �
� �

(8)

where �k is the matrix of kept mode shapes. Applying this
transformation, the component matrices reduce to

M k � BT
kMBk; Kk � BT

kKBk; fk � BT
k f (9)

leading to the undamped modal system of the component of size
nsr � nsk � nsb

Ikk Mkc

MT
kc Mcc

� �
�qk
�qb

� �
� �kk 0

0 Kcc

� �
qk
qb

� �
� fk

fb

� �
(10)

where �kk is a diagonal matrix of the eigenvalues !2
k. The

submatrices in Eq. (10) are expressed explicitly as

Kcc �Kbb �KT
bi�i; Mkc ��T

k �Mib �Mii�i�
Mcc �Mbb �MT

bi�i ��T
i Mib ��T

i Mii�i (11)

B. Synthesis of Undamped Components

After the reduction at the component level, the components are
assembled into global system matrices of reduced size. First, the
system matrices of the components are arranged in global system
matrices of size

P
s�nsk � nsb�

A d � diag�A�1�k ; . . . ;A
�c�
k �; fd � �f�1�;Tk ; . . . ; f�c�;Tk �T (12)

with respect to the vector of all component coordinates

q � �q�1�;Tk ;q�1�;Tb ; . . . ;q�c�;Tk ;q�c�;Tb �T (13)

where c is the number of components andA�i� is the mass or stiffness
matrix, M�i� or K�i�, as defined in Eq. (10). The components are
coupled by enforcing displacement continuity along the interface
coordinates of two components s and p

x �s�b � x�p�b or equivalently q�s�b � q�p�b (14)

leading to linearly dependent global matrices in Eq. (12). A
transformation between the linearly dependent component modal
coordinates q and the linearly independent set of global component
coordinates u is introduced

q � Su� Iii 0ib
D

� �
ui
ub

� �
(15)

where D is defined by the relations in Eq. (14). Because only
interface coordinates are related in Eq. (14), the interior coordinates
are not affected by this transformation. The coefficient matrix S is of
size �nb �

P
sn
s
k� � �nb �

P
sn
s
k�, where nb <

P
sn
s
b is the number

of linearly independent interface degrees of freedom. Finally, the
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global system matrices with respect to the global component
coordinates u are

A � STAdS; f� STfd (16)

leading to the global undamped system of size nr � nb �
P

sn
s
k

Ikk Mkc

MT
kc Mcc

� �
�ui
�ub

� �
� �kk 0

0 Kcc

� �
ui
ub

� �
� fi

fb

� �
(17)

C. Damping

Real-life components possess some kind of energy dissipation
mechanism or damping. In general, engineering structures are
damped nonproportionally, in which case the undamped modes are
coupled through off-diagonal terms in the modal damping matrix,
and, consequently, the system possesses complex modes instead of
real ones.

Here, proportional damping, also known as Rayleigh damping, is
assumed. For this the damping matrix is a linear combination of the
mass and stiffness matrices

C � �1M� �2K (18)

where �1 and �2 are scalars. For this special type of damping the
equations of motion, when transformed to the undamped modes,
become uncoupled. Each mode i is then associated with a loss factor
�i, which might vary from one mode to the next.

III. Modelling Uncertainty in Joints

Uncertainty and variability in the description of real-life
engineering systems are unavoidable. In this paper the effects of
uncertainties are considered for the particular case of uncertainties in
joints, and especially in line joints (e.g., continuously welded or
glued joints).

A spatial correlation of a line joint property is introduced and
modeled as a one-dimensional random field defined by a correlation
function Rfr; a; �g, where �2 is the variance, r is the distance
between two points in the joint, and a is the correlation length. The
field is homogeneous because its value depends only on the distance
between two positions. In a practical application determining this
function might be difficult. In the numerical example the specific
correlation function

Rfr; a; �g � �2 exp
�
	jrj
a

�
(19)

is used to represent uncertainty in a physical parameter. Assuming an
exponential dependency means that adjacent values of the uncertain
parameter do not differ, on average, asmuch as values that are further
apart. For small values ofa, the discretized covariancematrix is close
to a diagonal matrix leading to weak correlation in space. For large
values of a, this matrix becomes almost fully occupied and the
correlation is strong.

Various discretization techniques are available in the literature for
approximating continuous random fields [18,19]. The emphasis of
this paper is the Karhunen–Loève expansion [12,17] of a real, scalar
random field p as

pfr; #g � hpfrgi �
X1
i�1

�����
�i

p
�ifrg�if#g (20)

where # is a parameter for the random subspace, h�i denotes the
expectation operator (mean value), and �if#g is a set of
(uncorrelated) Gaussian variables with zeromean and unity standard
deviation. �i and �ifrg are the eigenvalues and eigenfunctions of the
integral eigenvalue problemZ

Rfr; r0g�ifrgdr� �i�ifr0g (21)

where R is the correlation function of the random field p, for
example, as defined in Eq. (19). The continuous correlation function
is discretized spatially at the finite element coordinates of the joints.
Consequently, the previous eigenvalue problem is discretized on the
mesh and solved algebraically. In the context of finite elements, the
expansion in Eq. (20) is truncated at the mth term leading to a finite
dimensional approximation of the random field. The discretized
correlation function yields a covariance matrix, for which the
Karhunen–Loève expansion (or equivalently a polynomial chaos
approximation of first order, see [12]) can be applied to model a
spatially correlated physical property d as

df#g � hdf#gi �
Xm
r�1

�����
�r

p
	r�rf#g (22)

where �r and 	r are the eigenvalues and eigenvectors of the
covariancematrix. This expansion technique allows random fields to
be approximated in terms of a finite set of random variables.

In the subsequent study only the stiffness matrix of the joint is
considered to be uncertain. However, it is straightforward to adapt
the procedure to an arbitrary joint with uncertain stiffness and/or
massmatrices. If the continuous joint is treated as a single component
in the CMS model, its stiffness matrix can be written as

K �j�f#g � hK�j�f#gi �
Xm
r�1

K�j�r �rf#g (23)

where hK�j�f#gi and K�j�r are deterministic component matrices,
according to Eq. (22). Ascribing the damping matrix in Eq. (18), the
nondeterministic counterpart of the deterministic equations of
motion of the assembled system in Eq. (17) become

M � �u� �1 _u� �
�
hKf#gi �

Xm
r�1

Kr�rf#g
	
�u� �2 _u� � f (24)

which has the size nr � nb �
P

sn
s
k.

Equation (23) is written in terms of a truncated sum of weighted
Gaussian variables. This is strictly possible for the homogeneous
random field introduced in Eq. (19), which is in the focus of the
present study. It should be pointed out that in principal it is only
required that the random variables �r are orthogonal. For example,
when discretizing the elastic modulus (which must physically be
positive) it is common to truncate the Gaussian distribution to
enforce this condition. For orthogonal random variables, an
expansion similar to Eq. (20) holds and the system matrices of a
linear system can be written in the form of Eq. (23) but now as a
truncated sum of weighted orthogonal random variables. In some
cases, non-Gaussian but orthogonal variables or stochastic processes
can be approximated by a polynomial chaos expansion (e.g., [24]). If
so they can be treated by the proposed procedure as long as the
approximation in Eq. (23) is reasonable.

A. Monte Carlo Simulation

MCS is a widely used numerical method for calculating the
statistics of a system’s response for nondeterministic system
properties. For numerical calculations only a fraction of all possible
samples taken as sets from the complete space of possible
configurations is considered, at which the systemmodel is evaluated
repeatedly. According to Eq. (23), each sample consists of a set ofm
random numbers �rf#g. The accuracy of the method depends highly
on the number of samples considered. If the number of samples is
large enough, indicated by the coefficient of variation of the
Monte Carlo estimate, convergence toward the correct statistics is
guaranteed. However, with an increasing number of samples the
simulation rapidly becomes time consuming. Instead of recalculating
the global system matrices for each property sample, the concept of
CMS is applied, which has a twofold advantage. First, only the
components with nondeterministic parameters need to be evaluated
at each sample, whereas the deterministic components are calculated
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only once. Second, the dimension of the global system matrices is
reduced considerably.

The Ritz vectors in Eq. (8) are recalculated for the non-
deterministic joint components by applying Eq. (23) whereas the
deterministic components are calculated only once. The reduced
component matrices are derived for all components according to
Eq. (10). Finally, the system is assembled as in Eq. (17) leading to
Eq. (24). For time-harmonic motion at frequency !, Eq. (24) yields

�Kf#g�1� j!�2� 	 !M�! 	 j�1��uf#;!g � ff!g (25)

The sum in Eq. (23) is evaluated for each parameter sample #. For a
dynamic system response uf#;!g, the term in parentheses in
Eq. (25) needs to be inverted at every frequency of interest and for
each sample. Instead of direct inversion, an acceleration scheme is
introduced based on modal decomposition. Solving the undamped
global eigenproblem of the fully assembled system

K f#gvj � !2
jMvj (26)

for each sample these system matrices can be diagonalized to

� f#g � VTf#gKf#gVf#g; I� VTf#gMVf#g (27)

where thematrixV consists of real mass-normalized eigenvectors vj.
The solution to Eq. (25) thus becomes complex in the damped case

and real in the undamped case

u f#;!g � Vf#g��f#g�1� j!�2� 	 !I�! 	 j�1��	1VTf#gff!g
(28)

Nowonly diagonalmatrices need to be inverted,which ismuch faster
than inverting the matrix in Eq. (25). For the example system in this
paper this corresponds to a reduction of about 33%.

B. Stochastic Reduced Basis Methods

Recently, a stochastic reduced basismethodwas developed in [14]
based on [25] for solving systems of linear random algebraic
equations in space and the random dimension as in Eq. (25). In
contrast to the classical approach in [12], a set of basis vectors
spanning a preconditioned stochastic Krylov subspace is employed
to approximate the system response. Subsequent application of the
Galerkin scheme leads to a reduced-order deterministic system of
equations with a significantly lower computational cost.

Introducing the abbreviation of the damped deterministic baseline
system for time-harmonic motion

A f!g � hKf#gi�1� j!�2� 	 !M�! 	 j�1� (29)

and premultiplying Eq. (25) by A	1f!g gives the preconditioned,
nonsingular algebraic equation
�
I�A	1f!g

Xm
r�1

Kr�rf#g�1� j!�2�
	
uf#;!g �A	1f!gff!g

(30)

Instead of inverting the term in parentheses as in the previous
section, the solution for the system responseuf#;!g is approximated
in the preconditioned Krylov subspace, see [14], by a random
polynomial

u f#;!g �
Xp
j�0


jf!gujf#;!g � Uf#;!g�f!g (31)

where 
j are deterministic coefficients and uj are recursive
stochastic basis vectors that form the columns ofU and are defined as

u0f!g �Af!g	1f

uj�1f#;!g � �1� j!�2�Af!g	1
Xm
r�1

Kr�rf#gujf#;!g (32)

The inverse of the complex systemmatrix in Eq. (29) is calculated by
applying an acceleration scheme similar to Eq. (28), but nowonly the
eigenproblem of the deterministic baseline system

hKf#giwj � !2
jMwj (33)

is solved, leading to the diagonal matrices

� �WTKW; I�WTMW (34)

Finally, the inverse of the baseline system is given by

A f!g	1 �W���1� j!�2� 	 !I�! 	 j�1��	1WT (35)

In contrast to Eq. (28), Eq. (35) needs to be calculated only once at
each frequency !. For an undamped analysis Eq. (35) simplifies to

A 0f!g	1 �W�� 	 !2I�	1WT (36)

Todetermine the deterministic coefficients
j in Eq. (31) a Petrov–
Galerkin projection scheme according to [14] is applied, that is


UHf#;!g
�
Af!g �

Xm
r�1

Kr�rf#g�1� j!�2�
	
Uf#;!g

�

f!g

� hUHf#;!gff!gi (37)

where the superscript H denotes the Hermitian. This algebraic
equation is deterministic and of size p, the number of chosen basis
vectors in Eq. (31). The projection scheme guarantees convergence
with increasing value of p if the inverse of Eq. (29) exists. For the
undamped case the system matrices are real and the Hermitian
transpose of U is replaced by the transpose leading to a Bubnov–
Galerkin projection scheme [14].

Because the coefficients
i in Eq. (37) are deterministic scalars, the
first two moments of the system response can be expressed in terms
of the statistics of the stochastic basis vectors inEq. (32). Themean of
the system response is given by

huf#;!gi �
Xp
j�0


jhujf#;!gi (38)

and the covariance matrix is

covfuf#;!g;uf#;!gg � huf#;!guHf#;!gi

�
Xp
j;k�0


j

�
khujf#;!guHk f#;!gi (39)

Because the basis vectors in Eq. (32) are computed recursively the
number ofmultiplications increases rapidlywith increasing values of
p. However, the basis vectors need never be calculated explicitly
because only their moments are of interest in Eqs. (38) and (39).
Consequently, the expectation operations can be carried out
analytically using the joint statistics of �rf#g (e.g. [12]).

Assuming that the solution can be sufficiently well approximated
using only a few stochastic basis vectors implies in practice that the
levels of uncertainty should be small or moderate (20% or so), and
that large levels of uncertainty cannot be accommodated without an
unrealistically large number of vectors. However, for mechanical
systems, in general, only two or three [14] basis vectors are needed
for accurate approximation to the preconditioned Eq. (30).

C. Enhanced Stochastic Reduced Basis Method 1

The calculation procedures can be optimized further by
performing the matrix algebra in a particular way, as proposed in
the following. The general form of the Sherman–Morrison–
Woodbury matrix identity [26] is

�A� PGQ�	1 �A	1 	A	1P�G	1 �QA	1P�	1QA	1 (40)

HereA andG are squarematrices whereasP andQ are of rectangular
shape. If the inverse of A is known and if the matrix G has a much
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smaller dimension thanA, use of this identity is much more efficient
than inverting A� PGQ directly. Postmultiplying Eq. (40) by A
yields

�I�A	1PGQ�	1 � I 	A	1P�G	1 �QA	1P�	1Q (41)

Introducing a real rectangular matrixH that transforms the set of
global coordinates u to the subset of joint coordinates v that
correspond to the nondeterministic component, the nondeterministic
part of Eq. (24) can be rewritten as

Xm
r�1

Kr�rf#g �
Xm
r�1

HTKW
r H�rf#g �HTGf#gH (42)

where the abbreviationGf#g �
P

rK
W
r �rf#g is introduced. Here the

dimension ofKW
r is the same as the number nj of joint coordinates,

and that of Kr equals the number of global coordinates. The
transformation matrix H is of size nj � nr. Usually the number of
global system coordinates is much larger than the number of joint
coordinates, so that the size of KW

r is much smaller than the size of
Kr. By applying the transformation Eq. (42) to Eq. (30), the inverse
of the term in parentheses in Eq. (30) can be calculated according to
Eq. (41) as

�I�A	1f!gHTGf#gH�1� �2j!��	1

� I 	A	1f!gHT��1� �2j!�	1G	1f#g
�HA	1f!gHT�	1H (43)

The advantage of exploiting the identity is that the inverse of the large
system matrix A is already available from the deterministic
eigenanalysis of the system. On the right-hand side of Eq. (43) the
inverse of amatrix is still needed but is transformed byH to a fraction
of its original size before inversion. Based on Eq. (43), new recursive
stochastic basis vectors vj are defined by

v 0f!g �HA	1f!gff!g; vj�1f#;!g �Bf#;!gvjf#;!g (44)

instead of Eq. (32), with the abbreviation

B f#;!g � �1� �2j!�	1G	1f#g �HA	1f!gHT (45)

The set of basis vectors vk in Eq. (44) spans a Krylov subspace that
lies within the subspace spanned by the basis vectors uk in Eq. (32)
and, consequently, is of much smaller size. The implementation of
Eq. (45) takes more effort but leads to smaller matrix operations
compared with the calculations of the originally assembled system in
Eq. (32) in the previous section. Finally, the original displacement
field u can be expressed in terms of the reduced displacement field
v as

A f!guf#;!g � ff!g 	HTvf#;!g (46)

where

v f#;!g �
Xp
j�1

�pvp (47)

The response statistics are evaluated according to the relations in
Eqs. (38) and (39). This method is referred here to as the enhanced
stochastic reduced basis method (ESRBM1).

D. Enhanced Stochastic Reduced Basis Method 2

The matrix identity can be used in a second approach to generate
stochastic vectors of low dimension by introducing the trans-
formation Eq. (46) directly into Eq. (30). Applying the matrix
identity in Eq. (43) to Eq. (30) gives

u f#;!g � �I 	A	1f!gHTB	1f#;!gH�A	1f!gff!g (48)

with the abbreviation in Eq. (45). Introducing the transformation
Eq. (46) (replacing v by w) leads to the vector equation

H Twf#;!g �HTB	1f#;!gHA	1f!gff!g (49)

The matrixH is a rectangular matrix that has nonzero entries in only
nj columns, and w is a vector of dimension nj. Therefore, the
corresponding system

w f#;!g �B	1f#;!gHA	1f!gff!g (50)

is consistent, and a solution of Eq. (50) is equivalent to the solution of
Eq. (49). Extracting the term �1� �2j!�G from the parenthesis and
applying the matrix identity in Eq. (40) yields

w f#;!g � �Ij � �1� �2j!�Gf#gHA	1f!gHT�	1Sf#;!g (51)

where Ij is the unitymatrix with dimension equal to the numbernj of
joint coordinates and the abbreviation

S f#;!g � �1� �2j!�Gf#gHA	1f!gff!g (52)

Applying the matrix identity on the term in parenthesis results in

wf#;!g � �Ij 	 �1� �2j!�Gf#gH�Af!g
�HTGf#gH�	1HT�Sf#;!g (53)

Repeated application of the matrix identity reveals a new set of
stochastic basis vectors that are recursively given by

w 0 �Gf#gHA	1f!gf; wj�1 �Gf#gHA	1f!gHTwj (54)

The displacement field w is approximated similar to Eq. (47) as

w �
Xp
j�1

�pwp (55)

The response statistics are evaluated according to the relations in
Eqs. (38) and (39) by applying relation Eq. (46) and replacing v byw.
This method is referred hereto as the second enhanced stochastic
reduced basis method (ESRBM2).

IV. Comparison of Calculation Methods

In this section the SRBM, ESRBM1, and ESRBM2 projection
schemes are applied to the computation of the response statistics of
an example problem with and without damping. Both methods are
implemented within the mathematical program environment
MATLAB. The system is shown in Fig. 1. The results obtained are
benchmarked against those obtained using MCS with a sample size
of 1000. Two rectangular plates are clamped on one edge and joined
to each other on the opposite edge. The parameters of the
deterministic plates and the nondeterministic joint are listed in
Table 1. The system is discretized using a mesh of 10 � 5 and 8 � 5
thin isotropic plate elements [27], and the joints are modeled by
equidistant elastic elements. The stiffness of the line coupling is
uncertain, and theYoung’smodulusY is expressed by a randomfield
with an assumed spatial correlation.Modelling theYoung’smodulus
by Gaussian variables is not correct physically because it implies a
nonzero probability of assigning a negative value to the Young’s
modulus, which physically must be positive. Nevertheless, for

cd

pl1
pl2y

x

h1

h2

Lx1

Lx2

ly

p1

p2

r

Fig. 1 Plates coupled by a joint with spatially distributed uncertainty.
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sufficiently small values of � the probability for a negative value is
negligible, for example 3 � 10	7% for � � 20% in Table 1. During
the numericalMonteCarlo simulation, the distributionwas truncated
at 
4� in order to avoid negative values for Y.

The system without damping is analyzed first, that is,
�1 � 0� �2. A typical frequency response between the points P1
and P2 in Fig. 1 is shown in Fig. 2a. The baseline system is plotted
together with the 99.7% (accounts for
3�) percentiles of the system
responses calculated by MCS with 1000 samples. The frequency
range of interest covers the first 12 modes of the structure.

The calculation time of one sample of the direct MCS is compared
with that for the full finite element model (FEM) and the reduced
model (CMS). For CMS, the first 15 modes of each plate are kept.
The relative calculation times are summarized in Table 2,
emphasizing the great advantage of applying CMS in order to reduce
the number of interior coordinates of each deterministic component
while the constraint coordinates remain.

Direct MCS with CMS is compared in terms of accuracy and
computational efficiency with the proposed projection schemes
SRBM with CMS, ESRBM1 with CMS, and ESRBM2 with CMS,
all employing the preconditioned stochastic Krylov subspace.
Because no approximation is made from SRBM to ESRBM1 or

ESRBM2 all methods lead to exactly the same results. ESRBM1 and
ESRBM2 will be referred to together as ESRBM. The mean values
and covariances of the frequency responses calculated by MCS in
Fig. 2a are shown in Figs. 2b and 2c, respectively. These frequency
distributions are comparedwith themean and covariance determined
by the complex stochastic basis vectors according to Eqs. (38) and
(39) and the Petrov–Galerkin scheme in Eq. (37). The accuracy of
SRBM/ESRBM depends on the number of basis vectors considered
in Eq. (32) or Eq. (44). The higher the value of p in Eq. (31), the
closer the results of SRBM/ESRBMare to those ofMCS. In the result
shown, the SRBM/ESRBM underestimates the MCS distribution,
especially in the frequency ranges where sharp resonance peaks
occur. However, for the minimum number p� 2 as chosen in this

Table 1 Physical properties and model parameters for the coupled two-plate systems

�, kg=m3 Y, kN=m2 
 Lx, m Ly, m h, mm x elements y elements

Plate 1 2700 7 � 107 0.3 0:5
���
2
p

0.5 3 10 5
Plate 2 2700 7 � 107 0.3 0.5 0.5 3 8 5
Joint 1350 35 or 50 - 0.006 0.5 3 1 6
Karhunen–Loève expansion m� 6
Random field (undamped) r� Ly=5 � � 10% a� 1000
Random field (damped) r� Ly=5 � � 20% a� 1000
Damping coefficient �1 � 0 �2 � 5%

Table 2 Comparison of calculation times for

baseline system at 1000 frequencies

Matrix size n Constraint DOF Relative time

FEM 324 36 100%
CMS 66 36 3%
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a) Reference transfer mobility for baseline system: full mode and CMS (dashed dot lines)
and 99.7% percentiles of MCS with CMS (1000 samples) (solid lines).

b) Mean transfer mobility for MCS (solid) and SRBM (dashed).

c) First moment of transfer mobility for MCS (solid) and SRBM (dashed).

Fig. 2 Mobility predictions using MCS with CMS and SRBM with CMS for the undamped system.
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study, leading to a 3 � 3 coefficient matrix in Eq. (37), the accuracy
of the first two statistical moments is good and the characteristics of
the distributions are reproduced very well by SRBM/ESRBM.

The system response of the damped system is shown in Fig. 3 with
damping coefficients �1 and �2 as listed in Table 1. Assuming a
frequency independent damping coefficient �2 results in high loss
factors at higher frequencies, see Fig. 3a. Because the resonance
peaks of this descriptive example areflattened, the standard deviation
� of the correlation function in Eq. (19) is chosen to be twice as big as
in the undamped case. The same comparison is performed as in
Fig. 2, but now the underlying stochastic basis vectors are real and the
Bubnov–Galerkin scheme is applied by replacing UH by UT in
Eq. (37). Now in the result shown, the SRBM/ESRBM underesti-
mates the MCS distribution in the vicinity of resonance peaks and
tends to overestimate the MCS distribution in frequency ranges
where antiresonancies occur. Again, for theminimum numberp� 2
as chosen in this study, the accuracy of the first two statistical
moments is good, and the characteristics of the distributions are
reproduced very well by SRBM/ESRBM.

The overall calculation times for the undamped and damped cases
using CMS are summarized in Table 3, emphasizing the
computational efficiency of CMS/SRBM, CMS/ESRBM1, and
CMS/ESRBM2. Note that the calculation time of 100% corresponds
to the calculation time using CMS, which is itself about 3% of the
time of the full FEM solution in Table 2. The significant benefit of the

CMS/ESRBM2 scheme compared with CMS/ESRBM1 is due to the
smaller number of operations needed for generating the stochastic
basis vectors in Eq. (54) compared with Eq. (47).

On one hand, for an MCS the system response is calculated
repeatedly over the whole frequency range, and the statistics are
obtained by postprocessing. Alternatively, for SRBM/ESRBM these
statistics are calculated directly at a fixed frequency, and, conse-
quently, the statistics at each frequency are calculated independently.
Hence, the calculation time forMCS strongly depends on the number
of samples considered whereas the calculation time for SRBM/
ESRBM does not change. So increasing the number of samples for
better accuracy of MCS further enhances the relative efficiency of
SRBM/ESRBM according to Table 3. The main difference between
MCS and SRBM/ESRBM is the type of sampling. Whereas MCS
uses samples with respect to the stochastic subspace #, SRBM/
ESRBM uses samples with respect to the frequency !.

V. Conclusions

In this paper different implementations of stochastic reduced basis
methods (SRBM) are proposed together with the well-established
concept of component mode synthesis (CMS). The efficiencies of
these implementations are benchmarked to Monte Carlo simulation
(MCS) of a finite element model. For the problem considered, the
proposed formulations are efficient and effective implementations of
SRBMs. It is seen that SRBMs can be up to orders of magnitude
faster than MCS, while providing results of comparable accuracy.
Furthermore, the proposed implementations (ESRBM) are more
efficient the fewer the number of joints that are affected by
uncertainty.

First, a CMS reduction is performed (Craig–Bampton). For each
subsystem s the nsi fixed-interface modes [Eq. (5)] and the nsb static
constraint modes [Eq. (6)] are determined and a fraction nsk of n

s
i of

the fixed-interface modes are kept [Eq. (8)]. Consequently, the finite
element model of subsystem s is reduced from its initial size nsi � nsb
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a) Reference transfer mobility for baseline system: full model and CMS (dashed dot lines)
and 99.7% percentiles of MCS with CMS (1000 samples) (solid lines).

b) Mean transfer mobility for MCS (solid) and SRBM (dashed).

c) First moment of transfer mobility for MCS (solid) and SRBM (dashed).
Fig. 3 Mobility predictions using MCS with CMS (solid) and SRBM with CMS (dashed) for the damped system.

Table 3 Comparison of calculation times

using CMS in Table 2

Method Relative Time

CMS/MCS with 1000 samples 100%
CMS/SRBM for p� 2 36%
CMS/ESRBM1 for p� 2 22%
CMS/ESRBM2 for p� 2 14%
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to nsk � nsb [Eq. (10)]. These subsystems are assembled according to
Eq. (17), and proportional damping is introduced at this global level
[Eq. (18)]. A subsequent global analysis of the deterministic baseline
system Eq. (25) is performed, u0 in Eq. (32). This procedure is
evaluated once and is readily available in some commercial software
products.

The uncertain parameters in the joints are modeled by random
fields that are approximated by a truncated Karhunen–Loève (KL)
expansion [Eq. (20)]. Any parameter can be chosen, as long as all
system matrices can be approximated by KL expansions similar to
Eq. (23). To keep the analysis simple, in the present study a specific
correlation function is assumed [Eq. (19)] for the Young’s modulus
of the joints leading to a variation of the stiffness matrix only
[Eq. (23)]. Each joint affected by uncertainty is considered as an
individual subsystem/component. This allows the proposed
procedures to incorporate joints with complex internal behavior
(rubber, foam, etc.) and internal degrees of freedom.

The assembled global system with proportional damping
[Eq. (18)] is of size n� nb �

P
sn
s
i whereas the reduced global

system employingCMS [Eq. (24)] is of size nr � nb �
P

sn
s
k, where

nb is the number of linearly independent interface/constraint degrees
of freedom (nb <

P
sn
s
b). In general, the numbers nsk of kept internal

degrees of freedom of component s are much smaller than the total
numbers of internal component degrees of freedom nsi . Because the
Craig–Bampton CMS is employed no reduction in the number nb of
constraint coordinates is performed.

In the discretization, assembly and solution described previously,
various approximation schemes are involved, as well as errors of
their expansions due to truncations. In a practical application error
and convergence studies might be performed. A commonly accepted
guideline for the finite element discretization at component level is
that at least six elements per wavelength should be considered.
Typically for the CMS models all modes up to twice the highest
frequency of interest should be kept. For the Karhunen–Loève
expansion in Eq. (23) typically as many terms should be retained to
capture 95% of the power (sum of squared values) of the expansion.

In the framework of SRBMs, the displacement vector is
approximated by a truncated weighted sum of stochastic
eigenvectors [Eq. (31)]. The quality and efficiency of this procedure
depends highly on the number and dimension of these vectors. First,
the classic definition is reviewed and embedded in the CMS
procedure [Eq. (32)]. Then, two different definitions are proposed
[Eqs. (44) and (54)]. With these eigenvectors, weighting factors
[Eq. (37)] and the statistical moments can be determined [Eqs. (38)
and (39)]. Note that the eigenvectors defined in Eqs. (32), (44), and
(54) need never to be calculated explicitly, because only their
statistics are of interest and not their actual values.

The commonly used definition in Eq. (32) uses vectors of the size
of the global system (n or nr). Much more efficient implementations
ESRBM1 and ESRBM2 are derived if the Sherman–Morrison–
Woodbury matrix identity Eq. (40) is employed. This leads to new
recursive stochastic reduced basis vectors [Eq. (44)] of dimension nj
instead of n or nr, where nj is the number of joint degrees of freedom
affected by uncertainty and is a fraction of its original size n or nr in
Eq. (32). In the numerical example presented, this reduction in
dimension reduces the calculation time relative to the MCS with
1000 samples from 36% for SRBM to 22% for ESRBM1 and 14%
ESRBM2. The evaluation of statistical moments in Eqs. (38) and
(39) uses recursive definitions of the basis vectors in Eqs. (44) and
(50), which employ a repeated multiplication of the same coefficient
matrix. This coefficient matrix consists of a sum of two matrices for
ESRBM1 and a single matrix for ESRBM2. Determining the first
two statistical moments it is sufficient to evaluate only the first three
stochastic basis vectors, that is, p� 2 in the approximations
Eqs. (47) and (55). If p� 1 is the number of stochastic basis vectors
taken into account, then the number of terms to be evaluated for the
second statistical moment [Eq. (39)] is proportional to �p� 1�p�1
for ESRBM2 and proportional to 2�p� 1�p�1 for ESRBM1.
Therefore, independent of the number of basis vectors considered,
the implementation ESRBM2 is expected to be about a factor of two
faster than the implementation ESRBM1.
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